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Abstract
We compute the non-adiabatic production of heavy fermion during inflation due to its cou-
pling with inflaton. The coupling, partly inspired by axion monodromy, comes from the
modulation of the fermion mass by the inflaton field. Even though the fermion mass is al-
ways much higher than the Hubble scale and the density of the produced fermions is low,
they can still have detectable signatures in the cosmic microwave background. Their con-
tributions to the primordial N -spectra are then analyzed in detail and compared with those
from the fermion’s bosonic super-partner. At the classical level, where the produced particles
are treated as classical sources, the effect on the N -spectra is proportional to the density of
the produced particles and the fermion and boson cases have the same contribution. Quan-
tum interference, however, leads to distinction between the two cases. Implications of this
similarity and distinction are discussed before making general remarks about the limitations
of our calculation and possible ways of overcoming them.
1 Introduction
The cosmic microwave background (CMB) observation and potentially the large-scale struc-
ture (LSS) observation in the future offer exciting opportunities to test high energy physics
whose energy scale is far beyond what other types of experiments can achieve. In particular
the oscillatory features of those observations can in principle constrain the possible “ultra-
violet complete” theories of gravity. Such theories are needed in order to fully understand
inflation, which is currently the most compelling theory framework of explaining the CMB
data. With the significant amount of CMB data being collected by Planck [1, 2, 3] it is worth
studying from the theory perspective what physics mechanism can generate primordial seeds
and providing searching templates for the corresponding signals.
String theory as one of the most prominent candidates of theories of quantum gravity
has offered a variety of ideas for inflation, of which axion monodromy [4, 5, 6] is a very
natural one. Inspired in part by this mechanism, authors of [7] consider theories where
heavy boson fields interact with inflaton through non-derivative couplings. Such interaction
comes from the fact that the boson mass is modulated by the inflaton field. As is well known
in quantum field theory, such modulation can lead to non-adiabatic production of particles.
It is found in [7] that in a well-defined window of parameters as discussed there in, current
CMB data is sensitive to such non-adiabatic production, even if the particle mass is always
much higher than the Hubble scale H . The production’s contribution to the primordial
N -spectra is studied in detail and it is shown that the mechanism can generate oscillatory
non-Gaussianity parametrically larger than that from the previously studied resonant non-
Gaussianity.
In this work we consider the effects of non-adiabatic production of heavy fermions which
are super-partners of the bosons as in [7]. As shown in the appendix of that paper, the radia-
tive corrections to the inflaton N point functions from these super-partners are suppressed
if some degree of supersymmetry is assumed. Therefore in that case one only needs to con-
sider the contributions from the particle production effects. It remains unclear, however,
the relative scale between the contributions from boson production and those from fermion
production, and if there can be novel feature shapes from fermion production.
In this work we will find that at the classical level, namely treating the produced particles
as classical source, the two types of particles have the same contribution. The contribution
due to quantum interference, however, is different between the fermion case and the boson
case.
The basic setup and particle mass as a function of inflaton field are reviewed in section
2. In order to make a direct comparison with the boson results we work with the same
mass function and in the same parameter regime as [7]. The free fermion equation of motion
in the inflation background is then solved using WKB approximation in section 3 along
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with the corresponding Bogoliubov transformations. Due to the relatively more complicated
equation of motion and large minimum mass of the fermion field, a different method needs
to be used than previous works in literature [8, 9]. We found that in the parameter regime
we consider, where the produced particle density is low and gets diluted rapidly by the
exponential expansion of the universe, the Bogoliubov transformation is similar as in the
boson case. In section 4, we compute two types of contributions to the inflaton N point
functions, one from treating the produced particle as classical source and the other from the
quantum interference of the heavy particle fields. Comparisons between the fermion case
and the boson case are also made in that section. Summary and a brief discussion of future
directions are presented in section 5.
2 Setup
It is discussed in [7] that the radiative correction from heavy boson fields can be suppressed
by the correction from their fermion partners assuming some degree of supersymmetry. As a
result, the only contributions to the N -spectra will be those from particle production effects.
In order for the radiative corrections to cancel, the boson mass mb and fermion mass mf
need to satisfy |mb|2 = |mf |2 apart from the matching of numerical factors from particle and
anti-particle doubling and helicity doubling. This does not, however, immediately determine
mf as a function of the inflaton field φ since in a supersymmetric theory mf can be complex.
We will work with an mf in the following that simplifies the analysis.
Denoting the fermion field as ψ, its mass M as a function of the inflaton field φ has two
possible forms [7].
(a) This is when the theory has multiple fields that undergo monodromy and each of them
reaches its minimum mass when the inflaton traverses an underlying period in the
axion field space. Let n label different species of such fields and their masses can be
written as
|M |2 = µ2a + µˆ2a[a(φ)− 2πn]2 ≃ µ2a + g2a(φ− 2πnf), (2.1)
where we used a(φ) = φ/f with f being the decay constant and ga = µˆa/f .
(b) In this case there is only one field whose mass is sinusoidally modulated by the inflaton
field
|M |2 = µ2 + 2g2f 2 cos φ
f
. (2.2)
The positivity of |M |2 requires
gf <
µ√
2
. (2.3)
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We will use the WKB method to solve wave equations of the ψ field and compute
the number density of the produced ψ particles. The production happens near the
minimum mass region and for the nth such region, the mass can be expanded as
|M |2 ≃ µ2 − 2g2f 2 + g2(φ− φn)2 = µ2b + g2φ˙2(t− tn)2, (2.4)
where φn = (2n + 1)πf and φ(tn) = φn. In order for the WKB method to be valid,
the production region should be within each oscillation period. The production region
can be determined by maximizing ω˙(p)/ω2(p) where ω(p)2 = p2 + |M |2 is the physical
frequency of ψ modes. A straightforward calculation shows that the maximum is at
|t− tn| = µb/(
√
2gφ˙). Therefore the requirement of production happening well inside
each oscillation period translates into the following condition
µb√
2gφ˙
<
π
φ˙/f
⇒ gf >
√
2µb
π
, (2.5)
which can be consistent with condition (2.3).
Notice that in both cases the mass has the same quadratic dependence on φ in the pro-
duction region so we will first discuss their single production events and N point correlation
functions in a similar way. To explicitly evaluate the contributions of particle production
events to the N point functions we focus on case (b) since it provides novel searching tem-
plates while the other case overlaps strongly with existing ones.
The action of the fermion field ψ can then be written down as
S =
∫
dηd3xa4
[
iψ¯ eµaγ
a∇µψ −M(φ)ψ¯ψ
]
, (2.6)
where the vierbein eaµ is the constant 4×4 matrix 1aI with ∇µ being the covariant derivative.
Substituting their explicit forms in the FRW background into (2.6) we get
S =
∫
dηd3xa4ψ¯
[
i
a
γµ∂µ + i
3
2
Hγ0 −M
]
ψ, (2.7)
and the gamma matrices satisfy the usual anti-commutation relation {γµ, γν} = −2ηµν where
ηµν is the metric for flat spacetime diag(−1,+1,+1,+1) 1. Defining ψ = a−3/2χ the action
simplifies to
S =
∫
dηd3xχ¯ [iγµ∂µ − aM ]χ. (2.8)
1Note that strictly speaking, γµ∂µ should be understood as γ
aIµ
a
∂µ and γ
a are the matrices that satisfy
the usual anti-commutation relation in flat spacetime. For notational simplicity we will ignore this detail in
this work.
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As in [7] we consider the parameter regime where the heavy particles do not back-react on
the inflation background φ0 and the χ equation of motion is solved in this background. More
explicitly we will work with the following free and interaction Lagrangians
L0 = χ¯ [iγµ∂µ − aM(φ0)]χ (2.9)
LI = −aδM
δφ
∣∣∣
φ0
δφχ¯χ− 1
2
a
δ2M
δφ2
∣∣∣
φ0
δφ2χ¯χ− · · · . (2.10)
3 WKB solution for fermion field and Bogoliubov trans-
formation
The free equation of motion of χ can be derive from (2.9) as
(iγµ∂µ − aM)χ = 0. (3.1)
It can be solved using Fourier transformation. To begin with, let us write χ(η,x) as
χ =
∫
k
eik·x
∑
r
[
ur(η,k)ar(k) + vr(η,k)b
†
r(−k)
]
, (3.2)
where
∫
k
is a short-hand notation for
∫
d3k
(2pi)3
and r = ±1 denotes the helicity of the χ modes.
The mode functions can be further decomposed as
ur =
1√
2
(
u+(η,k)ψr(k)
u−(η,k)ψr(k)
)
, vr =
1√
2
(
v+(η,k)ψr(k)
v−(η,k)ψr(k)
)
(3.3)
where the two-component vectors ψr are helicity eigenstates satisfying k · σψr = rkψr with
σi being the Pauli matrices.
Before we substitute (3.2) into (3.1) we also need to select a basis for the gamma matrices.
While in principle different bases should lead to the same physical result, we will use the
Dirac basis where
γ0 =
(
I 0
0 −I
)
, γi =
(
0 σi
−σi 0
)
, γ5 =
(
0 I
I 0
)
. (3.4)
It works better than the other commonly used one, namely the Weyl basis where the γi
matrices are the same while the other two are
γ0 =
(
0 I
I 0
)
, γ5 =
(−I 0
0 I
)
. (3.5)
This is because of the more complicated wave equations the latter leads to. We will first
derive the wave equations for u± in Dirac basis and then demonstrate why it is not as
convenient in Weyl basis. The mode functions v± are related to u± as
v+ = −u∗−, v− = u∗+, (3.6)
so we will not explicitly write out the wave equations for v± [8].
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3.1 Wave equation in Dirac basis
Using (3.1) and other definitions above, one can get the equations of motion for u± as
iu′+ + rku− − aMu+ = 0, iu′− + rku+ + aMu− = 0, (3.7)
where prime means taking derivative with respect to η. These first order equations can then
be combined into second order equations similar to the Klein-Gordon equation
u′′± +
[
k2 + a2M2 ± i(aM)′]u± = 0. (3.8)
This form is relatively simple and we will solve it using WKB approximation.
One can also easily verify using (3.7) that (|u+|2 + |u−|2)′ = 0 so we will normalize
the mode functions as |u+|2 + |u−|2 = 2, which can be used as a consistency check for the
Bogoliubov coefficients we get. Note that in deriving this normalization condition we used
the fact that M is real. In a supersymmetric theory this is not always the case so we will
need to be careful about the definition of M in the following. We will prescribe a particular
analytic structure for M(η) in section 3.3 which ensures that it is real on the real η axis.
3.2 Wave equation in Weyl basis
In this basis the first order wave equations become
iu′− + rku− − aMu+ = 0, iu′+ − rku+ − aMu− = 0. (3.9)
Besides the problem of now having the mode functions depending on helicity r, we also get
more complicated second order equations of motion
u′′± + (k
2 + a2M2)u± − (aM)
′
aM
(u′± ± irku±) = 0. (3.10)
Since this looks much less tractable than the Dirac basis case (3.8), the rest of our calculation
will be in Dirac basis.
3.3 Solution in the WKB approximation
In both cases (a) and (b) we can write the mass near the nth production region as
|M(φ)|2 = µ˜2 + g2(φ− φn)2 = µ˜2 + g2a2nφ˙2(η − ηn)2, (3.11)
where φ = φn is the point where ψ reaches its minimum mass and dot represents the
derivative with respect to physical time t. We have also used the relation d/dη = a(d/dt).
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In section 3.1 we have restricted M to be on the real axis but we still need to fix a branch
cut when we take the square root of (3.11). This is particularly an issue in the analysis here
due to the imaginary term in (3.8). This can be better seen if we plug (3.11) in and expand
the derivative term
u′′+ +

k2 + a2nµ˜2 + g2a4nφ˙2(η − ηn)2 + ian g2a2nφ˙2(η − ηn)√
µ˜2 + g2a2nφ˙
2(η − ηn)2

 u+ = 0 (3.12)
Note that since within Hubble the expansion is relatively slower than the changing in mass,
we have treated a as a constant an. Also for notational simplicity in this section we will
make the substitution ∆η = η − ηn → η.
A typical way of using WKB method to solve (3.12) involves getting the exact solution of
it and then matching it with the WKB solutions in the η → −∞ limit and the η → +∞ limit2
[8, 9, 10]. However unlike the wave equations in those works, it seems rather intractable to
exactly solve the wave equation (3.12) due to the inverse square root term. A simplification
one might consider is that since the matching happens in the |η| → ∞ region, the wave
equation can be simplified in that region. This indeed happens because in that region the
imaginary term becomes iga2n|φ˙| in the η → +∞ limit and −iga2n|φ˙| in the opposite limit.
However this also shows that the solutions to (3.12) cannot be extended to analytic functions
on the full η plane including∞ since the solution should satisfy different differential equations
at −∞ and +∞. We explore this method in the Appendix A and argue that it does not
work due to the complicated Stokes phenomenon of the original wave equation (3.12). In
this section we instead use a different approach which directly rotates one WKB solution in
one limit to the one in the other limit along a semi-circle on the complex η plane.
The WKB solution to (3.12) takes the form 3
u+(η) = A
(
1 +
aM
ω
) 1
2
e−i
∫ η
0
dη′ ω(η′) +B
(
1− aM
ω
) 1
2
ei
∫ η
0
dη′ ω(η), (3.13)
u−(η) = B
(
1 +
aM
ω
) 1
2
ei
∫ η
0
dη′ ω(η′) − A
(
1− aM
ω
) 1
2
e−i
∫ η
0
dη′ ω(η′), (3.14)
with A and B being constants and ω2 = k2 + a2nµ˜
2 + g2a4nφ˙
2η2 the Fourier frequency4. As
usual we would have different A’s and B’s in the η > 0 region and η < 0 region due to the
non-adiabaticity in the production region. In general one would need a recurrence relation
2Note that we have made the substitution η − ηn → η for notational simplicity.
3 Note that in our solution the definition for A and B is different from that in [8] because of a sign
difference in the free Hamiltonian (3.23).
4Note again that the lower limit 0 in the integral means the production point since we have made the
substitution η − ηn → η for the purpose of having less cumbersome equations.
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for An, Bn after the nth production event in terms of An−1, Bn−1 before the nth production
event. However our method will only be able to give result for Bn in the region where
|Bn−1| ≃ 0. As argued in [7] this is actually good enough for our purpose since during each
production event only a small amount of particles get produced and they are quickly diluted
by inflation. We will see later that the density of the produced fermions is proportional
to |B|2 so we can always assume |B| to be small. Moreover, the normalization condition
|u+|2 + |u−|2 = 2 enforces |A|2 + |B|2 = 1 , therefore for each production event, it would
be sufficient to start with only positive frequency modes, that is A = 1 and B = 0 in the
η → −∞ limit and then solve for B in the opposite limit. Without loss of generality, we will
only make the rotation explicitly for u+ since u− has the same set of parameters.
Defining ν20 = k
2 + a2nµ˜
2 and ν41 = g
2a4nφ˙
2 we can immediately write down the following
two approximations needed for computing the WKB solutions, namely the phase
Φ(η) =
∫ η
0
dη′
√
ν20 + ν
4
1η
′2 ≃


1
2
ν21η
2 +
ν2
0
2ν2
1
log
(
2ν2
1
ν0
η
)
+ 1
4
ν2
0
ν2
1
, η → +∞
−1
2
ν21η
2 − ν20
2ν2
1
log
(
2ν2
1
ν0
|η|
)
− 1
4
ν2
0
ν2
1
, η → −∞
. (3.15)
and frequency
ω ≃


−ν21η
(
1 +
ν2
0
2ν4
1
η2
)
, η → −∞
ν21η
(
1 +
ν2
0
2ν4
1
η2
)
, η → +∞
. (3.16)
The other one in need is the mass M . One needs to be more careful about it because if the
usual branch cut is used, the rotation would cross the branch cut at arg η = ±pi
2
as shown in
Fig 1. Because M changes sign at the branch cut, there is no way to keep rotating the same
analytic function to the other side of the real axis. To show this more precisely, we can use
the following mass function approximation
anM ≃


−ν21η
(
1 +
ν2
0
−k2
2ν4
1
η2
)
, η → −∞
ν21η
(
1 +
ν2
0
−k2
2ν4
1
η2
)
, η → +∞
(3.17)
and spell out the WKB solution
η → −∞, u+(η) ≃
√
2e
iν2
0
4ν2
1
(
2ν1
ν0
) iν20
2ν2
1
(−x)
iν2
0
2ν2
1 e
i
2
x2, (3.18)
η → +∞, u+(η) ≃
√
2Ae
−
iν2
0
4ν2
1
(
2ν1
ν0
)− iν20
2ν2
1
x
−
iν2
0
2ν2
1 e−
i
2
x2 +B
k√
2ν1
e
iν2
0
4ν2
1
(
2ν1
ν0
) iν20
2ν2
1
x
−1+
iν2
0
2ν2
1 e
i
2
x2,
(3.19)
where we have defined x = ν1η. It is clear that one cannot rotate the first solution to the
second one5 due to the branch cut along arg η = −pi
2
.
5Notice that neither of the terms in the η → +∞ limit matches the x dependence in the η → −∞ limit.
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|M |
i|M |−i|M |
|M |
i|M | −i|M |
η
Figure 1: The branch cut (wavy line) is on the the imaginary axis therefore the mass function
changes sign in the middle of the rotation required for matching the two WKB solutions in
the η → −∞ and η → +∞ limits, whose path is denoted by the solid semi-circle.
To solve this problem a different branch cut needs to be used for the mass function, which
is shown in Fig 2. Essentially the branch cut of the square root function is taken from the
negative real axis to the positive axis, so that the branch cuts on the η plane are taken to
the real axis. With this definition of branch cut, one could rotate the WKB solution in the
η → −∞ region along a semi-circle to the η → +∞ region, where at both ends of the path
the mass is positive. One caveat of this rotation is that in order to keep the mass positive
in the end, one would still need to cross the branch from +∞(1− iǫ) to +∞(1 + iǫ), where
ǫ > 0 is an arbitrarily small number. We expect, however, this infinitesimal rotation would
not change the Bogoliubov coefficients in a significant way. With this definition of the mass
function, we can write down the WKB solutions at the two ends of the rotation
η → −∞, u+(η) ≃
√
2e
iν2
0
4ν2
1
(
2ν1
ν0
) iν20
2ν2
1
(−x)
iν2
0
2ν2
1 e
i
2
x2, (3.20)
η → +∞, u+(η) ≃ A k√
2ν1
e
−
iν2
0
4ν2
1
(
2ν1
ν0
)− iν20
2ν2
1
x
−1−
iν2
0
2ν2
1 e−
i
2
x2 +B
√
2e
iν2
0
4ν2
1
(
2ν1
ν0
) iν20
2ν2
1
x
iν2
0
2ν2
1 e
i
2
x2
(3.21)
where the second limit is taken to be on the lower side of the real axis. It is now clear that
(3.20) rotates into the second term of (3.21). To make this rotation, let x = ρeiφ and φ
8
|M |
i|M |i|M |
−|M |
|M |
i|M | i|M |
−|M |
η
Figure 2: The branch cut we use for matching the two WKB solutions. The matching rotates
the solution in the η → −∞ limit to the one in the η → +∞ limit along a semi-circle on the
lower half of the η plane. With the branch cut shown here the rotation stays on one branch
of the mass function except for the final infinitesimal part that crosses the real axis.
goes from −π + ǫ to −ǫ where ǫ > 0 is an arbitrarily small number. The (−x)
iν2
0
2ν1 factor can
be written as (eipie−ipiρ)
iν2
0
2ν1 before rotation and becomes (eipiρ)
iν2
0
2ν1 afterwards. This should
match with the second term in (3.21) and therefore yields B = e
−
piν2
0
2ν2
1 .
One might worry about the appearance of the first term in (3.21). To address this we
notice that during the rotation, e±
i
2
x2 = e
ρ2
2
(∓ sin 2φ+±i cos 2φ). If one starts with (3.21) and
rotates it to (3.20), the first term will be exponentially suppressed compared to the second
one and therefore should not be kept in this WKB approximation [11]. In other words, at
the level of WKB approximation, (3.20) and (3.21) are the same solution and we cannot fix
A using this rotation method. If one is able to solve (3.12) exactly then in principle A can
be computed. This possibility is explored in Appendix A.
3.4 Bogoliubov transformation
After each production event the creation and annihilation operators need to be redefined in
order to diagonalize the Hamiltonian with a new set of mode functions u+ and u−. This can
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fix the Bogoliubov transformation
aˆk(η) = αkak + βkb
†
−k, bˆ
†
−k(η) = −β∗kak + α∗kb†−k (3.22)
in terms of A and B. Note that the anti-commutation relation {aˆk, aˆ†k′} and {bˆk, bˆ†k′} im-
mediately lead to the normalization condition |αk|2 + |βk|2 = 1. In this subsection we will
first solve for α and β by explicitly diagonalizing the Hamiltonian and then show that it is
equivalent to rewriting the χ expansion (3.2) in terms of purely positive modes and negative
modes.
The free Hamiltonian can be derived from (2.9) as6
H0 =
∫
d3x iχ¯γ0∂ηχ =
∫
d3x iχ†∂ηχ, (3.23)
where we have used the free equation of motion of χ so that H0 has only one time derivative
term. Using the fermion field expansion (3.2) it can be expressed in terms of a and b as
H0 =
∫
k
∑
r
[
E(k)
(
a†r(k)ar(k)− br(−k)b†r(−k)
)
+ F (k)br(−k)ar(k) + F ∗(k)a†r(k)b†r(−k)
]
,
(3.24)
where
E =
1
2
[
aM
(|u+|2 − |u−|2)− k (u∗+u− + u+u∗−)]
F =
1
2
[
k
(
u2− − u2+
)− 2aMu+u−] (3.25)
and E2 + |F |2 = ω2. Using the reverse of (3.22), that is,
ak = α
∗
kaˆk − βkbˆ†−k, b†−k = β∗kaˆk + αkbˆ†−k, (3.26)
and enforcing the vanishing of off diagonal terms (terms proportional to bˆaˆ and aˆ†bˆ†) lead to
the following relations
α
β
=
E + ω
F ∗
, |β|2 = ω − E
2ω
. (3.27)
In order to relate α and β to A and B one can plug in the WKB solution (3.13) and (3.14)
and get E = ω(|A|2−|B|2) and F = −2ωAB. So (3.27) gives α/β = −A/B∗ and |β|2 = |B|2.
This means that the diagonalization of the Hamiltonian does not completely fix α and β.
We pick α = A and β = −B∗ for the requirement that χ can be written as a sum of purely
positive and negative modes in terms of aˆ and bˆ as shown in the following.
6Despite the fact that it is straightforward to compute the Hamiltonian, we still find a sign difference as
compared with [8]. It seems our result agrees with most textbooks. As a result our result (3.25) also has a
sign difference with that of [8].
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Denote uˆ± and vˆ± as purely positive and negative modes, respectively then{
uˆ+ =
(
1 + aM
ω
) 1
2 e−i
∫
ω
uˆ− = −
(
1− aM
ω
) 1
2 e−i
∫
ω
{
vˆ+ =
(
1− aM
ω
) 1
2 ei
∫
ω
vˆ− =
(
1 + aM
ω
) 1
2 ei
∫
ω
, (3.28)
where
∫
ω is a short hand for
∫ η
0
dη′ω(η′). Then the WKB solution (3.13), (3.14) can be
written as {
u+ = Auˆ+ +Bvˆ+
u− = Bvˆ− + Auˆ−
{
v+ = −u∗− = −B∗uˆ+ + A∗vˆ+
v− = u
∗
+ = A
∗vˆ− −B∗uˆ−
. (3.29)
With this relation the integrand of the χ expansion (3.2) becomes
urar(k) + vrb
†
r(−k) =
1√
2
([(
Aar − B∗b†r
)
uˆ+ +
(
Bar + A
∗b†r
)
vˆ+
]
ψr[(
Aar − B∗b†r
)
uˆ− +
(
Bar + A
∗b†r
)
vˆ−
]
ψr
)
(3.30)
Comparing (3.30) and (3.22) shows that we need to define α = A and β = −B∗ in order for
urar(k) + vrb
†
r(−k) =
1√
2
(
uˆ+ψr
uˆ−ψr
)
aˆr(k) +
1√
2
(
vˆ+ψr
vˆ−ψr
)
bˆ†r(−k). (3.31)
Using this and the result of section 3.3 we have the Bogoliubov coefficients βk = −e
−
piν2
0
2ν2
1 and
αk a small phase rotation.
4 Power spectrum and non-Gaussianity from fermion
production
In this section we compute the contributions to the inflaton correlation function from the
fermion production events and compare them with those from the boson production events.
As argued earlier, if the bosons and fermions are super partners and satisfy |Mb|2 = |Mf |2 =
M2, their radiative contributions from loop diagrams involving inflaton cancel with each
other, therefore we only consider effects from particle production.
The general inflaton N -point function can be computed using the in-in formalism
〈in|δφk1(0) · · · δφkN (0)|in〉 =
〈in|
[
T¯ exp
(
i
∫ 0
−∞
dηHI(η)
)]
δφk1(0) · · · δφkN (0)
[
T exp
(
−i
∫ 0
−∞
dηHI(η)
)]
|in〉,
(4.1)
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where it is understood that the δφ’s on the left hand side are evolved in the full theory and
those on the right hand side are the free fields. HI(η) is the interaction Hamiltonian, which
from (2.10) can be easily derived as
HI(η) = a(η)
δM
δφ
∣∣∣
η
∫
d3xδφ(η)χ¯χ(η) +
1
2
a(η)
δ2M
δφ2
∣∣∣
η
∫
d3xδφ(η)2χ¯χ(η) + · · ·
= a(η)
δM
δφ
∣∣∣
η
∫
k
δφk(η)χ¯χ−k(η) +
1
2
a(η)
δ2M
δφ2
∣∣∣
η
∫
k′
1
,k′
2
δφk′
1
(η)δφk′
2
(η)χ¯χ−k′
1
−k′
2
(η) + · · · .
(4.2)
The |in〉 state is the initial state which is vacuum in terms of the ar(k) and br(k) operators.
After the nth production event, it can be expressed as the squeezed state in the Fock space
defined by the aˆr(k) and bˆr(k) operators
|in〉 = N exp
(∑
r=±1
∫
k
βk
α∗k
aˆ†r(k)bˆ
†
r(−k)
)
|0ˆ〉 ≃
(
1 +
∑
r
∫
k
βk
α∗k
aˆ†r(k)bˆ
†
r(−k)
)
|0ˆ〉, (4.3)
where N is a normalization constant and |0ˆ〉 is the vacuum state in the Fock space defined
by aˆr(k) and bˆr(k). The last approximation is due to the fact that β is exponentially small
and α is a small phase rotation. This can be checked by the following result
〈aˆ†r1(k1)aˆr2(k2) ≃ 〈0ˆ|
(
1 +
∑
s1
∫
q1
β∗q1
αq1
bˆs1(−q1)aˆs1(q1)
)
aˆ†r1(k1)aˆr2(k2)
×
(
1 +
∑
s2
∫
q2
βq2
α∗q2
bˆs2(−q2)aˆs2(q2)
)
|0ˆ〉
=
∑
s1,s2
∫
q1,q2
β∗q1βq2
αq1α
∗
q2
〈|0ˆ|bˆs1(−q1)aˆs1(q1)aˆ†r1(k1)aˆr2(k2)aˆ†s2(q2)bˆ†s2(−q2)|0ˆ〉
≃ δr1r2δk1k2 |βk1|2, (4.4)
which gives the usual particle density |β2k|.
To compute the inflaton correlation functions we would also need χ¯χk(η). Using the
expansion (3.2) and (3.31) we have
χ¯χk(η) =
∫
k′
∑
r,s
[
uˆ†r(k
′)γ0uˆs(k+ k
′)aˆ†r(k
′)aˆs(k+ k
′) + vˆ†r(k
′)γ0vˆs(k + k
′)bˆr(−k′)bˆ†s(−k− k′)
+ uˆ†r(k
′)γ0vˆs(k+ k
′)aˆ†r(k
′)bˆ†s(−k− k′) + vˆ†r(k′)γ0uˆs(k+ k′)bˆr(−k′)aˆs(k+ k′)
]
,
(4.5)
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where uˆr(k) and vˆr(k) are defined as
uˆr =
1√
2
(
uˆ+ψr
uˆ−ψr
)
vˆr =
1√
2
(
vˆ+ψr
vˆ−ψr
)
(4.6)
and uˆ±, vˆ± are defined in (3.28). As we will show in the following, k
′ integrals contain O(|β|2)
or O(|β|) factors and peak at order an
√
g|φ˙|. Since the external momenta k are of order H ,
which is parametrically smaller than an
√
g|φ˙|, we can approximate k′ ± k by k′. Therefore
we have
uˆ†r(k
′)γ0uˆs(k+ k
′) =
1
2
[
uˆ∗+(k
′)uˆ+(k+ k
′)ψ†r(k
′)ψs(k + k
′)− uˆ∗−(k′)uˆ−(k+ k′)ψ†r(k′)ψs(k+ k′)
]
≃ 1
2
[(
1 +
aM
ω
)
δrs −
(
1− aM
ω
)
δrs
]
=
aM
ω
δrs ≃ δrs, (4.7)
where the last approximation is due to the fact that the k′ integral peak location an
√
g|φ˙|
is parametrically smaller than aM . Similarly
vˆ†r(k
′)γ0vˆs(k+ k
′) ≃ δrs, (4.8)
uˆ†r(k
′)γ0vˆs(k+ k
′) ≃ k
′
aM
e2i
∫
ωδrs, (4.9)
vˆ†r(k
′)γ0uˆs(k + k
′) ≃ k
′
aM
e−2i
∫
ωδrs, (4.10)
where again
∫
ω is a short hand notation for
∫ η
ηn
dη′ω(η′,k′). Combining these results we
have
χ¯χk(η) ≃
∫
k′
∑
r
[
aˆ†r(k
′)aˆr(k + k
′) + bˆ†r(−k− k′)bˆr(−k′)
+
k′
aM
e2i
∫
ωaˆ†r(k
′)bˆ†r(−k− k′) +
k′
aM
e−2i
∫
ω bˆr(−k′)aˆr(k+ k′)
]
. (4.11)
In order to make direct comparisons between the fermion and boson contributions we
also compute the relevant quantities for the boson case. The interaction Hamiltonian is
HI(η) =
1
2
a4(η)
δM2
δφ
∣∣∣
η
∫
k
δφk(η)χ
2
−k(η) +
1
4
a4(η)
δ2M2
δφ2
∣∣∣
η
∫
k′
1
,k′
2
δφk′
1
δφk′
2
χ2−k′
1
−k′
2
(η) + · · ·
(4.12)
and the source field is
χ2k(η) ≃
a−3(η)
2M(η)
∫
k′
[
2a†−k′ak−k′ + e
−2i
∫
ωak′ak−k′ + e
2i
∫
ωa†−k′a
†
−k+k′
]
, (4.13)
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where we have dropped the hats on the a operators and from this point on it is understood
that they mean the operators defined with respect to purely positive and negative frequency
modes.
It is argued in [7] that the oscillating terms in (4.13) only contribute to N -point functions
of δφ through (N + 2)-point vertex insertions. We elaborate on this point in section 4.1.
Order |β|2 contributions and order |β| contributions are computed in section 4.2 and 4.3,
respectively.
4.1 Contributions from various interaction vertex profiles
The oscillating terms in (4.11) and (4.13) have either two creation or two annihilation op-
erators and can contract with the two annihilation or creation operators from the squeezed
state. Therefore it is possible to have only one β factor when evaluating the δφ correlators
as opposed to the order |β|2 contributions when only using the a†a terms. It is argued in [7]
that such order β contribution only shows up when using (N+2) point vertex for computing
N point function. The reason is that all the other use of such terms do not resonate and
therefore their contribution is negligible. Since such argument applies to both boson and
fermion, we will work with boson in this subsection.
A generic term after expanding the N point function (4.1) is
il1(−i)l2
∫ 0
−∞
dηl1
∫ ηl1
−∞
dηl1−1 · · ·
∫ η2
−∞
dη1
∫ 0
−∞
dζl2 · · ·
∫ ζ2
−∞
dζ1(
1
2ol1!
δol1M2
δφol1
∣∣∣
ηl1
a4(ηl1) · · ·
1
2o1!
δo1M2
δφo1
∣∣∣
η1
a4(η1)
)(
1
2o′l2 !
δo
′
l2M2
δφ
o′l2
∣∣∣
ζl2
· · · 1
2o′1!
δo
′
1M2
δφo
′
1
∣∣∣
ζ1
a4(ζ1)
)
〈δφk′
1,1
(η1) · · · δφk′
1,o1
(η1) · · · δφk′l1,ol1 (ηl1)δφk1(0) · · · δφkN (0)δφpl2,ol2 (ζl2) · · · δφp1,o′1 (ζ1) · · · δφp1,1(ζ1)〉
〈χ2
−
∑o1
i=1 k
′
1,i
(η1) · · ·χ2
−
∑ol1
i=1 k
′
l1,i
(ηl1)χ
2
−
∑o′l2
i=1 pl2,i
(ζl2) · · ·χ2
−
∑o′
1
i=1 p1,i
(ζ1)〉, (4.14)
where there are l1 insertions from the anti-time-ordered operator and l2 insertions from
the time-ordered operator, with the ith vertices being (oi + 2) and (o
′
i + 2) point vertices,
respectively. To contract each of the δφk(0) operators with a δφk(η) or δφk(ζ) operator from
HI we also have
∑l1
i=1 oi+
∑l2
i=1 o
′
i = N . Also notice that since on the right hand side of (4.1),
δφk’s are evolved using the free inflaton Hamiltonian the expectation value factorizes as in
(4.14) and the δφk correlator is computed in the δφ vacuum state while the χ
2
k correlator is
computed in the χ squeezed state.
In order to look for the contributions of order β or even O(1), we first consider the case
where the first insertion comes from the anti-time-ordered operator, i.e., l1 > 0. Similar to
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(4.3) we have the squeezed state for the boson case
|in〉 = N exp
(∫
k
βk
2α∗k
a†ka
†
−k
)
|0〉 ≃
(
1 +
∫
k
βk
2α∗k
a†ka
†
−k
)
|0〉. (4.15)
If there is no β
∗
α
aa on the left of the χ2 operators in (4.14), then the first χ2 factor χ2
−
∑o1
i=1 k
′
1,i
must contribute an aae−2iµ(t1−tp) factor7. Since δφk′
1,i
(η1) for ∀i have to contract with some
δφk(0) later in the product, they all contribute an oscillating factor e
−ik′
1,iη1 . Using t1− tp =
− 1
H
log η1
ηp
, we have the oscillating part of the η1 integral as exp
(
−i∑o1i k′1,iη1 + i2µ±ωH log η1ηp
)
where e±i
ω
H comes from the mass derivatives. It has no resonance in the parameter region we
work with where µ > ω. Therefore there must be a β
∗
α
aa factor on the left. In order to get
contribution of order O(β) we cannot have a β
α∗
a†a† on the right and the last χ2 insertion
must give an a†a†e2iµ(t−tp) factor.
If the last vertex is from the time-ordered operator (l2 > 0), then δφp1,i(ζ1) must con-
tribute an ei
∑o′
1
i=1 p1,iζ1 factor. It does not resonate with the exp
(
−i2µ
H
log ζ1
ηp
)
factor from
χ2−
∑
i p1,i
(ζ1) for the same reason as in the previous paragraph. If the last vertex is from the
anti-time-ordered operator (l2 = 0), then the oscillating part of its time integral is
sin
(
ω
H
log
ηl1
ηp
)
e
−i
∑ol1
i=1 k
′
l1,i
ηl1−i
2µ
H
log
ηl1
ηp , (4.16)
which resonates at −(∑i k′l1,i)ηl1 = 2µ±ωH . All the other time integrals resonate at either
kη = − ω
H
> −2µ±ω
H
or −2µ±ω
H
, which means the resonance point of ηl1 is the earliest. However
the anti-time-ordering requires ηl1 to be the latest, so there is still no resonance in the integral
region.
Next we consider the case where the first insertion is from the time-ordered operator (i.e.,
l1 = 0). Similar to the previous case there must be a
β
α∗
a†a† factor on the right and no β
∗
α
aa
on the left. Therefore the first insertion must give aa exp
(
i2µ
H
log
ζl2
ηp
)
and its time integral
resonates at kζl2 = −2µ±ωH . Again due to the time-ordering requirement ζl2 > ζl2−1 > · · · > ζ1
there is no resonance in the integral region.
The analysis above shows that the only way for the χ2’s to contribute order β oscillating
factor is to have only one χ2, i.e., bring down only one HN+2 vertex. In the next subsection
we compute the contributions to the N point functions from N three point vertices and show
that the fermion case and boson case are the same except for a numerical factor coming from
the helicity and anti-particle doubling. Since for all the other ways of using various HI terms
(other than using only one HN+2), only a
†a and b†b contribute, it is clear that contributions
to the N point functions should be the same between the fermion case and the boson case in
7tp denotes the time of minimum χ mass.
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those situations. After that we compute the contributions from only using one HN+2 vertex
and show that the order β contribution in the fermion case is further suppressed than in the
boson case.
4.2 Order |β|2 contributions
The contributions to the inflaton N point function from bringing down N three point vertices
can be organized as [12]
iN
∫ 0
−∞
dηN · · ·
∫ η2
−∞
dη1〈[H3pt(η1), · · · , [H3pt(ηηN ), δφk1(0) · · · δφkN (0)] · · · ]〉, (4.17)
where
H3pt(η) = a(η)
δM
δφ
∣∣∣
η
∫
k′
δφk′(η)χ¯χ−k′(η). (4.18)
The result in subsection 4.1 shows that only classical source terms a†a and b†b in (4.11)
have contribution in this case and we will see in the following that expectation values of the
product of those operators do not rely on their order. Therefore the expectation value of
(4.17) factorizes as
iN
∫ 0
−∞
dηN · · ·
∫ η2
−∞
dη1
(
N∏
i=1
a(ηi)
δM
δφ
∣∣∣
ηi
)∫
k′
1
,··· ,k′N
〈χ¯χ−k′
1
(η1) · · · χ¯χ−k′N (ηN)〉cl
× 〈[δφk′
1
(η1), · · · , [δφk′N (ηN ), δφk1(0) · · · δφkN (0)] · · · ]〉, (4.19)
where the subscript “cl” means computing expectation value only using the classical source
terms. The expectation value of the δφ commutator can be proven to be
[δφk′
1
(η1), δφk1(0)] [δφk′2(η2), δφk2(0)] · · · [δφk′N (ηN), δφkN (0)]
+ (all other permutations of δφk1(0), · · · , δφkN (0)) (4.20)
by mathematical induction. First note that from
δφk(η) = akuk(η) + a
†
−ku
∗
k(η), uk(η) =
H√
2k3
(i− kη)e−ikη (4.21)
we have
[δφk′(η), δφk(0)] = δ−k′,k
−iH2
k3
[sin(kη)− kη cos(kη)] ≡ δ−k′,kiGk(0, η) (4.22)
and it is a c-number. Then in the case of N = 2 it is easy to show directly that
〈[δφk′
1
(η1),
[
δφk′
2
(η2), δφk1(0)δφk2(0)
] ]〉 = [δφk′
1
(η1), δφk1(0)] [δφk′2(η2), δφk2(0)]
+ [δφk′
1
(η1), δφk2(0)] [δφk′2(η2), δφk1(0)]. (4.23)
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Next we assume that (4.20) holds for N − 1. By using the identity
[O,P1 · · ·PN ] =
(
P1 · · ·PN−1[O,PN ]
)
+ · · ·+
(
P1 · · ·Pi−1[O,Pi]Pi+1 · · ·PN
)
+ · · ·+
(
[O,P1]P2 · · ·PN
)
(4.24)
for any operator O and Pi we have〈 [
δφk′
1
(η1), · · · ,
[
δφk′N (ηN), δφk1(0) · · · δφkN (0)
] · · · ] 〉
=
〈[
δφk′
1
(η1), · · · ,
[
δφk′N−1(ηN−1), δφk1(0) · · · δφkN−1(0)
[
δφk′N (ηN), δφkN (0)
]
+ · · ·
+
[
δφk′N (ηN), δφk1(0)
]
δφk2(0) · · · δφkN (0)
]
· · ·
]〉
=
[
δφk′N (ηN), δφkN (0)
] 〈 [
δφk′
1
(η1), · · · , [δφk′N−1(ηN−1), δφk1(0) · · · δφkN−1(0)] · · ·
] 〉
+ · · ·
+
[
δφk′N (ηN), δφk1(0)
] 〈 [
δφk′
1
(η1), · · · , [δφk′N−1(ηN−1), δφk2(0) · · · δφkN (0)] · · ·
]〉
=
[
δφk′
1
(η1), δφk1(0)
] [
δφk′
2
(η2), δφk2(0)
] · · · [δφk′N (ηN), δφkN (0)]
+ (all other permutations of δφk1(0), · · · , δφkN (0)), (4.25)
where in the last equality we used the induction assumption that (4.20) holds up to N − 1.
This completes the proof. With this result (4.19) can be written as
(−1)N
∫ 0
−∞
· · ·
∫ η2
−∞
dη1
(
N∏
i=1
a(ηi)
δM
δφ
∣∣∣
ηi
)
×
∑
pi
Gk1(0, ηpi1) · · ·GkN (0, ηpiN )〈χ¯χk1(ηpi1) · · · χ¯χkN (ηpiN )〉cl, (4.26)
where the summation π is over all permutations of 1, 2, · · · , N . Each of the permutation can
be renamed such that the integrand becomesGk1(0, η1) · · ·GkN (0, ηN)〈χ¯χk1(η1) · · · χ¯χkN (ηN)〉cl
and as a result it has a different time ordering from the one in the original integral. Summing
over all the permutations covers the entire space spanned by η1, · · · , ηN and therefore the
integral simplifies as
(−1)N
∫ 0
−∞
dηN · · ·
∫ 0
−∞
dη1
(
N∏
i=1
a(ηi)
δM
δφ
∣∣∣
ηi
Gkk(0, ηi)
)
〈χ¯χk1(η1) · · · χ¯χkN (ηN)〉cl. (4.27)
Next we need to compute the χ correlator
〈χ¯χk1(η1) · · · χ¯χkN (ηN )〉cl ≃
∫
k′
1
,···k′N
∑
r1,··· ,rN
〈[a†r1(k′1)ar1(k1 + k′1) + b†r1(−k1 − k′1)br1(−k′1)]
× · · · × [a†rN (k′N)arN (kN + k′N ) + b†rN (−kN − k′N )brN (−k′N )]〉.
(4.28)
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It is clear that whether each factor contributes an a†a or b†b, the expectation value is always
〈c†r1(k′1)cr1(k1 + k′1) · · · c†rN (k′N)crN (kN + k′N)〉
≃
∑
s1,s2
∫
q1,q2
β∗q1βq2
αq1αq2
〈
bs1(−q1)as−1(q1)c†r1(k′1)cr1(k1 + k′1)
· · · c†rN (k′N )crN (kN + k′N)a†s2(q2)b†s2(−q2)
〉
≃|βk′
1
|2δr1r2 · · · δrN−1rN δk′1k′2 · · · δk′N−1,k′Nδ(kT ), (4.29)
where c can be either a or b and kT =
∑N
i=1 ki. Combining the 2
N of such terms we have
〈χ¯χk1(η1) · · · χ¯χkN (ηN)〉cl ≃ 2N+1
(∫
k′
1
|βk′
1
|2
)
δ(kT ) = 2
N+1a3nn¯χδkT , (4.30)
where we have used∫
k′
1
|βk′
1
|2 = a3n
∫
d3p
(2π)3
exp
(
−π(p
2 + µ˜2)
g|φ˙|
)
= a3n
(g|φ˙|)3/2
(2π)3
e
−piµ˜
2
gφ˙ ≡ a3nn¯χ. (4.31)
Also note the extra factor of 2 that comes from the helicity summation, which the boson
case does not have. Define
h(kηn) =
∫ 0
ηn
dη
η
(sin(kη)− kη cos(kη)) δM
δφ
∣∣∣
η
(4.32)
then summing over different production events gives the contributions from the fermion three
point vertices
〈δφk1(0) · · · δφkN (0)〉 ⊃ (−2)N+1δ(kT )
n¯χ
H3
HN+3
∑
n
(Hηn)
−3
N∏
i=1
h(kiηn)
k3i
. (4.33)
To be more concrete, in the rest of this paper we will consider a situation similar to that
of [7] with an approximate discrete shift symmetry, with production events evenly spaced in
proper time t, corresponding to conformal times
ηn = − 1
H
exp
[
2πH
w
(
n+
γ
2π
)]
, (4.34)
with a constant γ and frequency w = |φ˙|/f derived from (2.2.
Using the boson three point vertex
H3pt(η) =
1
2
a4(η)
δM2
δφ
∣∣∣
η
∫
k′
δφk′(η)χ
2
−k′(η) (4.35)
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and (4.13) we can get the same contributions in the boson case
〈δφk1(0) · · · δφkN (0)〉 ⊃ (−2)N−1δ(kT )
n¯χ
H3
HN+3
∑
n
(Hηn)
−3
N∏
i=1
h(kiηn)
k3i
. (4.36)
except that it is smaller than the fermion case by a factor of 4, which comes from the helicity
doubling and anti-particle doubling.
In the next subsection we will show that
δNM
δφN
≃ 1
2M
δNM2
δφN
. (4.37)
From this fact and the discussion above one can expect that the contributions from inter-
action vertex configurations including higher point vertices would also be the same for the
fermion case and boson case (except for the case where only one HN+2 is brought down for N
point function as shown in section 4.3). This is because in both cases the δφ correlators and
χ2 (or χ¯χ) correlators give the same result and they are combined in the same way. While
it is worth exploring the possible contributions from various insertion profiles using higher
point vertices, we note that if one is working in the same parameter regime as outlined in
[7] the contributions from (N + 2) three point fermion vertices to N point functions will
dominate over other contributions involving higher point vertices.
4.3 Order β contributions
In this subsection we consider the contributions from only bringing down one HN+2 vertex
for N point functions. As discussed in section 4.1 such contributions contain parts that are
of order β. For both the fermion case and the boson case they are
i
∫ 0
−∞
dη1〈[HN+2(η1), δφk1(0) · · · δφkN (0)]〉. (4.38)
In the fermion case, the (N + 2) point vertices are
HN+2(η) = a(η)
1
N !
δNM
δφN
∣∣∣
η
∫
k′
1
,··· ,k′N
δφk′
1
(η) · · · δφk′N (η)χ¯χ−∑Ni=1 k′i(η), (4.39)
and (4.38) becomes
i
∫ 0
−∞
dη1a(η1)
1
N !
δNM
δφN
∣∣∣
η1
∫
k′
1
,··· ,k′N
〈χ¯χ−∑Ni=1 k′i(η1)〉
× 〈[δφk′
1
(η1) · · · δφk′N (η1), δφk1(0) · · · δφkN (0)
]〉. (4.40)
19
To compute the δφ commutator we first notice that in 〈δφk′
1
(η1) · · · δφk′N (η1)δφk1(0) · · · δφkN (0)〉
each of δφk′i(η1) must contract with one δφkj(0) and therefore the former must be ak′iuk′i(η1)
and the later a†−kju
∗
kj
(0). So the correlator is evaluated to be
〈δφk′
1
(η1) · · · δφk′N (η1)δφk1(0) · · · δφkN (0)〉 =
∑
pi
δ−k′
1
kpi1
· · · δ−k′NkpiN
× uk1(η1)u∗k1(0) · · ·ukN (η1)u∗kN (0), (4.41)
and the summation is again over all the possible permutation π over 1, 2, · · · , N . And
similarly
〈δφk1(0) · · · δφkN (0)δφk′1(η1) · · · δφk′N (η1)〉 =
∑
pi
δ−k′
1
kpi1
· · · δ−k′NkpiN
× uk1(0)u∗k1(η1) · · ·ukN (0)u∗kN (η1). (4.42)
Plugging in
uk(η)u
∗
k(0) =
H2
2k3
(1 + ikη) e−ikη, uk(0)u
∗
k(η) =
H2
2k3
(1− ikη) eikη, (4.43)
we have the fermion (N + 2) point vertex contribution
iH2N
2N
∏N
i=1 k
3
i
∫ 0
−∞
dη1a(η1)
δNM
δφN
∣∣∣
η1
〈χ¯χkT (η1)〉[(
N∏
i=1
(1 + ikiη1)
)
e−ikT η1 −
(
N∏
i=1
(1− ikiη1)
)
eikT η1
]
, (4.44)
where kT =
∑N
i=1 ki. Similarly the boson (N + 2) point vertex
HN+2(η) =
1
2
a4(η)
1
N !
δNM2
δφN
∣∣∣
η
∫
k′
1
···k′N
δφk′
1
(η) · · · δφk′N (η)χ2−∑Ni=1 k′i(η) (4.45)
has the following contribution to the N point correlator
iH2N
2N
∏N
i=1 k
3
i
∫ 0
−∞
dη1
1
2
a4(η1)
δNM2
δφN
∣∣∣
η1
〈χ2kT (η1)〉
×
[(
N∏
i=1
(1 + ikiη1)
)
e−ikT η1 −
(
N∏
i=1
(1− ikiη1)
)
eikT η1
]
. (4.46)
A comparison of (4.44) and (4.46) shows the difference between the two cases could come
from the difference in the two point functions of the produced particle fields. Indeed the
k′/aM factor in (4.11) and the fact that k′ integral peaks around an
√
g|φ˙| ≪ aM indicate
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that the order β contribution in the fermion case will be further suppressed by a factor of√
g|φ˙|/µ. We confirm this point in the following by evaluating (4.44) and (4.46).
Let us start by computing 〈χ¯χkT (η1)〉. With 〈a†r(k′)ar(kT+k′)〉 = 〈b†r(−kT−k′)br(−k′)〉 ≃
|βk′|2δ(kT ), 〈a†r(k′)b†r(−kT − k′)〉 ≃ β∗k′δ(kT ) and 〈br(−k′)ar(kT + k′) ≃ βk′δ(kT ) the mode
expansion (4.11) becomes
〈χ¯χkT (η1)〉 = 2δ(kT )
∫
k′
[
2|βk′|2 + k
′
ω(k′)
(
e−2i
∫
ωβk′ + c.c.
)]
. (4.47)
The integral over ω can be approximately evaluated as
∫ η
ηn
dη′
√
k′2 + a2
(
µ2 + 2g2f 2 cos
φ
f
)
≃
∫ t
tn
dt′µ
(
1 +
k′2
2µ2a2
)
= µ(t− tn) + k
′2
4a2nµH
An,
(4.48)
where we have defined An(η) = 1− a2n/a(η)2. Using this and the definition (4.31) of particle
density n¯χ the source expectation value is evaluated to be
〈χ¯χkT (η1)〉 ≃ 4δ(kT )a3nn¯χ

1− 4
π
an(g|φ˙|)1/2
aµ
e
piµ˜2
2g|φ˙|

 e−2iµ(t−tn)(
1 + i g|φ˙|
piµH
An
)2 + c.c.



 (4.49)
Similarly the result for the boson case is
〈χ2kT (η1)〉 ≃
a−3(η1)
M(η1)
δ(kT )a
3
nn¯χ

1− 2e piµ˜22g|φ˙|

 e−2iµ(t−tn)(
1 + i g|φ˙|
piµH
An
)2 + c.c.



 (4.50)
From (4.49) and (4.50) it is already clear that the fermion order β contribution is suppressed
by an extra factor of an
a
(g|φ˙|)1/2
µ
.
To proceed we will focus on case (b) of the mass function which produces novel searching
templates. For the case of N = 1, it is clear that the following relation holds
δNM
δφN
≃ 1
2M
δNM2
δφN
≃ g
2f 2−N
µ
cos
(
φ
f
+ θN
)
, (4.51)
in the parameter regime outlined in [7], where θN is a multiple of π/2 that gives the right
trigonometric function. We can prove this result for general N using mathematical induction.
Starting from (4.51), the (N + 1)th derivative is
δN+1M
δφN+1
≃ −
g2f 2−N cos
(
φ
f
+ θN
)
M2
−g2f sin
(
φ
f
)
M
− 1
M
g2f 1−N sin
(
φ
f
+ θN
)
. (4.52)
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The first term is smaller than the second by a factor of g2f 2/µ2 so the left hand side is
approximately 1
M
g2f 1−N cos
(
φ
f
+ θN+1
)
which is also approximately
1
2M
δN+1M2
δφN+1
≃ g
2f 1−N
µ
cos
(
φ
f
+ θN+1
)
. (4.53)
This proves (4.51) holds for general N . Combining the result above we can compute the
saddle point approximation for the contributions (4.44) and (4.46). The result for the fermion
case is
HN
2N−2k31 · · · k3N
δ(kT )
n¯χ
H3
g2f
µ
(
H
f
)N−1 nmax∑
n=nmin
1
−η3n
{
−
√
π
2α
[
i
(
1− i k1
kT
α
)
· · ·
(
1− ikN
kT
α
)
e
iα−iα log α
−kT ηn
−iϕN + c.c.
]
+
2
π
e
piµ˜2
2g|φ˙|
(g|φ˙|)1/2
µ
∑
s=±
√
2πρs
−kT ηn

 i
(
1− i k1
kT
ρs
)
· · ·
(
1− ikN
kT
ρs
)
(
1− i g|φ˙|
piµH
An(ηˆs)
)2 eiρs−iρs log ρs−kT ηn−iϕN + c.c.


}
,
(4.54)
where we have defined the following quantities
α =
ω
H
, ρ± =
2µ± ω
H
, ϕN =
π
4
− θN , − kT ηˆ± = ρ±, (4.55)
The summation of n starts from the minimum n (or the latest ηn) that satisfies ηnmin < ηˆ±
and ends with the first/earliest production event with nmax
8. It is also clear from (4.54)
that this result respects the approximate discrete shift symmetry log kT → log kT + 2πH/ω
given that the shape (k1/kT , · · · , kN/kT ) does not change, since kT only appears with ηn as
kTηn = − 1
H
exp
[
log kT +
2πH
w
(
n+
γ
2π
)]
. (4.56)
Such a shift can be absorbed into a relabeling of n. Similarly the result for the boson case is
HN
2Nk31 · · · k3N
δ(kT )
n¯χ
H3
g2f
µ
(
H
f
)N−1∑
n
1
−η3n
{
−
√
π
2α
[
i
(
1− i k1
kT
α
)
· · ·
(
1− ikN
kT
α
)
e
iα−iα log α
−kT ηn
−iϕN + c.c.
]
+ 2e
piµ˜2
2g|φ˙|
∑
s=±
√
π
2ρs

i
(
1− i k1
kT
ρs
)
· · ·
(
1− ikN
kT
ρs
)
(1− i g|φ˙|
piµH
An(ηˆs))2
e
iρs−iρs log
ρs
−kT ηn
−iϕN + c.c.

}. (4.57)
8A different definition of n is used in Section 3 where the first production event is labeled as n = 1. The
definition is slightly changed here for notational simplicity and the meaning of n should be clear within its
context.
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A comparison between (4.54) and (4.57) shows that besides the usual suppression comming
from |kTηnmin|−3 .
(
2µ±ω
H
)−3
, there is an extra suppression factor of (g|φ˙|)1/2/µ for the order
β contributions in the fermion case. The result of the fermion case is also further suppressed
by a factor of
2
π
√
2πρs
−kTηn ·
1
2
√
2ρs
π
=
2
π
· ρs−kTηn =
2
π
· −ηˆs−ηn (4.58)
for each production event n in the summation. Since −ηn gets exponentially larger than
−ηnmin (which is greater than −ηˆs) as n increases, the contributions from the fermion case
can be much smaller than those from the boson case, especially those generated by the early
production events.
5 Summary and discussion
In this paper we worked out in detail the contributions to the inflaton N point functions from
the fermion production events and compared them to those from the boson counterparts.
The expectation value of the fermion source operator χ¯χ and the boson source operator χ2
have the same classical part, which is of order |β|2, while for the order |β| part that represents
quantum interference, the fermion case is relatively suppressed by an extra factor of k′/aM .
It is argued in section 4 that at the level of saddle point approximation the only order |β|
contributions to inflaton N point functions come from those using one N+2 point interaction
vertex. At order |β|2 the contributions of the two types of particle are the same. A detailed
evaluation at order |β| then shows that besides the usual suppression factor (2µ±ω
H
)−3
, the
fermion contributions as compared to those of boson are further suppressed by a factor of
(g|φ˙|)1/2/µ and another coming from the separation between the production time and the
resonant saddle point. This distinction between fermion and boson contributions leads to
the interesting possibility of getting better understandings of what type of particles and how
they interact with inflaton by fitting CMB data with searching templates from these models.
Similarly, this could also hint on more difficult versions of this type of models, which consider
the non-adiabatic production of strings. We leave these interesting topics to future works.
The successive production of particles is treated approximately as independent from
each other in this paper. In regimes where the density of the produced particles is small
and quickly gets diluted by inflation this is a valid approximation. In principle, however,
there can be other situations where the density is no longer small and the effect of successive
productions on each other is not negligible. For the boson case this is not too hard to solve
since its wave equation can be solved exactly and the recursive Bogoliubov transformation
can be obtained in a similar fashion as in [8, 9]. The fermion case, on the other hand, seems
to be less straightforward. First the wave equation (3.12) has an extra imaginary part which
makes it much more difficult to solve analytically. Also the fermion production is restricted
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by the Pauli exclusion principle while in the boson case the production can be enhanced by
previously produced particles without limit. In the regime where |β| is not parametrically
smaller than 1, the Bogoliubov coefficients need to be solved recursively as(
αn
βn
)
= Tn
(
αn−1
βn−1
)
(5.1)
with the initial condition α0 = 1, β0 = 0. Tn is the transformation matrix for the nth
production event that ensures |α|2 + |β|2 = 1. It would be interesting to explore in this
direction in future works, either analytically or numerically.
For general N point functions it seems rather difficult, if possible, to derive generic close
form formulae for the contributions from arbitrary interaction vertex profiles. In this work we
found simple close form solutions for two extreme cases, where in one case the contributions
are from N three-point vertices and in the other from one (N + 2)-point vertex. For the
intermediate cases one needs to consider various possible profiles and potentially combine
the methods used for the two extreme cases. Even though there is a well-defined window
of parameters where at order |β|2, contributions from N three-point vertices dominate over
those from other profiles, it would still be interesting to study the shapes and the relative
scales of those other contributions [13].
acknowledgments
I would like to thank Eva Silverstein for extensive discussion and useful comments on a draft.
I am also grateful to Moritz Mu¨nchmeyer for initial collaboration. I am supported in part
by the National Science Foundation under grant PHY-0756174 and NSF PHY11-25915 and
by the Department of Energy under contract DE-AC03-76SF00515.
Appendices
A More on Bogoliubov coefficients
In this section we explore the possibility of deriving the exact recurrence relation between
the coefficients An, Bn after the nth production event and those before it. As noted in
section 3.3, the wave equation (3.12) can be greatly simplified in the |η| → ∞ limit, which
is where the matching of WKB solutions happens. One can use the asymptotic behavior of
the solution to (3.12) in this region to match with the two WKB solutions. Similar to the
rotation method used in the main text, the same problem regarding the branch cut of M
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arises with this method. In the |η| → ∞ limit, the original wave equation (3.12) simplifies
to
u′′+ +
(
k2 + a2nµ˜
2 + g2a4nφ˙
2η2 ± iga2n|φ˙|
)
u+ = 0, (A.1)
where the sign for the imaginary term depends on which branch of M is being considered.
In order to make use of the solution to (A.1) for matching, it needs to be on the same branch
which covers both of the η → −∞ and η → +∞ limits since otherwise one would have two
different approximate differential equations, one with a positive imaginary term and another
with a negative one. The solutions then would have to be connected via the small |η| region
where there is no branch cut. Connecting the two branches in this way is as hard as solving
(3.12) exactly. Therefore we pick the same branch cut as shown in Figure 2 so that the
imaginary part of (A.1) always has a negative sign.
With this definition, the solution to (A.1) is
u+(η) ≈ C1Dp1 ((1 + i)ν1η) + C2Dp2 ((−1 + i)ν2η) , (A.2)
where C1, C2 are two constants and Dp(z) is the parabolic cylinder function. p1 and p2 are
defined as
p1 = − iν
2
0
2ν21
, p2 = −1 + iν
2
0
2ν21
, (A.3)
while all the other symbols are defined in the main text. In the meantime, the WKB solution
is given in (3.13). Note again that there is only one set of C1 and C2 for both the η → −∞
and η → +∞ limit while A, B are really An−1, Bn−1 before the nth production event and
An, Bn afterwards. The asymptotic behavior of (A.2) in the η → −∞ limit is [14]
u0 ∼C1e− i2 |x|2
(√
2e−i
3pi
4 |x|
)− iν20
2ν2
1
+ e
i
2
|x|2|x|−1+
iν2
0
2ν2
1

C2 (√2e−ipi4)−1+ iν
2
0
2ν2
1 − C1i
√
2π
Γ
(
iν2
0
2ν2
1
)e−ipi
(
1
2
−
iν2
0
2ν2
1
) (√
2e−i
3pi
4
)−1+ iν20
2ν2
1

 ,
(A.4)
and in the η → +∞ limit
u0 ∼e− i2 |x|2|x|
−
iν2
0
2ν2
1

C1 (√2eipi4)− iν
2
0
2ν2
1 + C2i
√
2π
Γ
(
1− iν20
2ν2
1
)eipi
(
− 1
2
+
iν2
0
2ν2
1
) (√
2ei
3pi
4
)− iν20
2ν2
1


+ e
i
2
|x|2|x|−1+
iν2
0
2ν2
1 C2
(√
2ei
3pi
4
)−1+ iν20
2ν2
1 , (A.5)
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where “∼” denotes “asymptotic to”. They need to match with those of the WKB solutions,
which in the η → −∞ limit is
u ∼e− i2 |x|2|x|−
iν2
0
2ν2
1
(
2ν1
ν0
)− iν20
2ν2
1
√
2Bn−1e
−
iν2
0
4ν2
1 + e
i
2
|x2||x|−1+
iν2
0
2ν2
1
(
2ν1
ν0
) iν20
2ν2
1
An−1
k√
2ν1
e
iν2
0
4ν2
1 ,
(A.6)
and in the η → +∞
u ∼e i2 |x|2|x|−1+
iν2
0
2ν2
1
(
2ν1
ν0
) iν20
2ν2
1
Bn
k√
2ν1
e
iν2
0
4ν2
1 + e−
i
2
|x|2|x|−
iν2
0
2ν2
1
(
2ν1
ν0
)− iν20
2ν2
1
An
√
2e
−
iν2
0
4ν2
1 . (A.7)
After some algebra, this matching gives the following recurrence relation
An = Bn−1e
−
piν2
0
2ν2
1 + An−1e
ipi
4 2
√
πe
−
piν2
0
4ν2
1
(
ν2
0
2eν2
1
)− iν20
2ν2
1
Γ
(
− iν20
2ν2
1
) ν1k
ν20
, (A.8)
Bn = −An−1e
−
piν2
0
2ν2
1 +Bn−1e
− ipi
4 2
√
πe
−
piν2
0
4ν2
1
(
ν2
0
2eν2
1
) iν20
2ν2
1
Γ
(
iν2
0
2ν2
1
) ν1
k
. (A.9)
As noted in section 3.3 A and B satisfy the normalization |A|2 + |B|2 = 1. This serves
as a good consistency check of the above result. A straightforward calculation yields
|An|2 + |Bn|2 =|An−1|2
[
1 +
(
k2
ν20
− 1
)(
1− e−
piν2
0
ν2
1
)]
+ |Bn−1|2
[
1 +
(
ν20
k2
− 1
)(
1− e−
piν2
0
ν2
1
)]
+ 2Re

A∗n−1Bn−1e− ipi4
(
ν2
0
2eν2
1
) iν20
2ν2
1
Γ
(
iν2
0
2ν2
1
)

 2√πe−
3piν2
0
4ν2
1
ν1
k
(
k2
ν20
− 1
)
. (A.10)
This value is not exactly 1 given |An−1|2 + |Bn−1|2 = 1. The reason is that the recurrence
relation (A.8) and (A.9) are obtained by matching the WKB solutions with (A.2), which is
the solution to the approximate differential equation obtained under the assumption µ˜2 ≪
g2a2nφ˙
2η2 and g2a4nφ˙
2η2 ≃ ν20 = k2+a2nµ˜2. The two approximations imply that k2 ≃ ν20 , which
along with (A.10) leads to |An|2 + |Bn|2 ≃ 1. Therefore at this level of approximation, the
result (A.10) is consistent with the normalization condition. We may understand the failure
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of obtaining the recurrence relation of coefficients An and Bn using this approximation in
the following way. The asymptotic behavior of the exact solution to the original differential
equation (3.12) should really be
u+(η) ≈ C˜1(η)Dp1 ((1 + i)ν1η) + C˜2(η)Dp2 ((−1 + i)ν2η) , (A.11)
where now C˜1(η) and C˜2(η) are functions of η and they are asymptotically constants. The
solution to the approximated differential equation (A.2) assumes that the constants are
universal on the lower half plane. However C˜1(η) and C˜2(η) can have more complicated
Stokes phenomenon and have different constant values in different sections. We expect that
this omission of Stokes phenomenon to be the reason of failing to recover the recurrence
relation of An and Bn’s.
References
[1] P. A. R. Ade et al. [Planck Collaboration], “Planck 2015 results. XVII. Constraints
on primordial non-Gaussianity,” Astron. Astrophys. 594, A17 (2016) doi:10.1051/0004-
6361/201525836 [arXiv:1502.01592 [astro-ph.CO]].
[2] P. A. R. Ade et al. [Planck Collaboration], “Planck 2015 results. XIII. Cosmologi-
cal parameters,” Astron. Astrophys. 594, A13 (2016) doi:10.1051/0004-6361/201525830
[arXiv:1502.01589 [astro-ph.CO]].
[3] P. A. R. Ade et al. [Planck Collaboration], “Planck 2015 results. XX. Constraints
on inflation,” Astron. Astrophys. 594, A20 (2016) doi:10.1051/0004-6361/201525898
[arXiv:1502.02114 [astro-ph.CO]].
[4] E. Silverstein and A. Westphal, “Monodromy in the CMB: Gravity Waves and
String Inflation,” Phys. Rev. D 78, 106003 (2008) doi:10.1103/PhysRevD.78.106003
[arXiv:0803.3085 [hep-th]].
[5] L. McAllister, E. Silverstein and A. Westphal, “Gravity Waves and Linear Inflation from
Axion Monodromy,” Phys. Rev. D 82, 046003 (2010) doi:10.1103/PhysRevD.82.046003
[arXiv:0808.0706 [hep-th]].
[6] R. Flauger, L. McAllister, E. Pajer, A. Westphal and G. Xu, “Oscillations in the
CMB from Axion Monodromy Inflation,” JCAP 1006, 009 (2010) doi:10.1088/1475-
7516/2010/06/009 [arXiv:0907.2916 [hep-th]].
[7] R. Flauger, M. Mirbabayi, L. Senatore and E. Silverstein, “Productive Interactions:
heavy particles and non-Gaussianity,” arXiv:1606.00513 [hep-th].
27
[8] M. Peloso and L. Sorbo, “Preheating of massive fermions after inflation: Analytical
results,” JHEP 0005, 016 (2000) doi:10.1088/1126-6708/2000/05/016 [hep-ph/0003045].
[9] D. J. H. Chung, E. W. Kolb, A. Riotto and I. I. Tkachev, “Probing Planckian
physics: Resonant production of particles during inflation and features in the primor-
dial power spectrum,” Phys. Rev. D 62, 043508 (2000) doi:10.1103/PhysRevD.62.043508
[hep-ph/9910437].
[10] L. Kofman, A. D. Linde, X. Liu, A. Maloney, L. McAllister and E. Silverstein, “Beauty
is attractive: Moduli trapping at enhanced symmetry points,” JHEP 0405, 030 (2004)
doi:10.1088/1126-6708/2004/05/030 [hep-th/0403001].
[11] L. D. Landau and E. M. Lifshitz, “Quantummechanics : non-relativistic theory,” Oxford
; New York : Pergamon Press, 1977, Chapter VII.
[12] S. Weinberg, “Quantum contributions to cosmological correlations,” Phys. Rev. D 72,
043514 (2005) doi:10.1103/PhysRevD.72.043514 [hep-th/0506236].
[13] E. Silverstein et al, work in progress.
[14] C. M. Bender and S. A. Orszag, “Advanced Mathematical Methods for Scientists and
Engineers,” Springer, New York, 1999, doi: 10.1007/978-1-4757-3069-2
28
